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• GR is not the final theory on spacetime; 
• Quantum gravity to unify of GR and QM; 
• Effective approach to QG: 

Ununification between GR and QM

- Spacetime is described by 


- EOM is modified to 
gμν

Geff
μν = 0
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Hamiltonian formulation            V.S.          General covariance   

Space+time Spacetime

• The requirement of a 3+1 decomposition may potentially obscure general covariance.  
• How can general covariance be restored in the Hamiltonian framework?

Canonical quantum gravity
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Hamiltonian formulation            V.S.          General covariance   

Space+time Spacetime

• The requirement of a 3+1 decomposition may potentially obscure general covariance.  
• How can general covariance be restored in the Hamiltonian framework?

Canonical quantum gravity

Investigating this issue in the spherically symmetric gravitation model with Σ ∋ (x, θ, ϕ)
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Mathematical settings: spherically symmetric model

• Phase space: ; 
• Dynamics: the Diff constraints  and the Ham. constraint .

(KI(x), EI(x)), I = 1, 2
Hx Heff
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Mathematical settings: spherically symmetric model

• Phase space: ; 
• Dynamics: the Diff constraints  and the Ham. constraint .

(KI(x), EI(x)), I = 1, 2
Hx Heff

-  is assumed to keep its classical expression, but  is unknown Hx Heff

{Hx[Nx
1], Hx[Nx

2]} = Hx[Nx
1∂xNx

2 − Nx
2∂xNx

1],
{Heff[N], Hx[Mx]} = − Heff[Mx∂xN],

{Heff[N1], Heff[N2]} = Hx[μE1(E2)−2(N1∂xN2 − N2∂xN1)] .

- Assume the following constraint algebra

where  is some unknown factor. In the classical theory μ μ = 1
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{Hx[Nx
1], Hx[Nx

2]} = Hx[Nx
1∂xNx

2 − Nx
2∂xNx

1],
{Heff[N], Hx[Mx]} = − Heff[Mx∂xN],

{Heff[N1], Heff[N2]} = Hx[μE1(E2)−2(N1∂xN2 − N2∂xN1)] .

- Assume the following constraint algebra

where  is some unknown factor. In the classical theory μ μ = 1

What is the precise meaning of general covariance in the Hamiltonian formulation?



1) Choose a lapse function  and a shift vector 

2) Solve the Hamilton’s equation: 





3) Define the metric as: 

N Nx

·KI = {KI, Heff[N]+Hx[Nx]},
·EI = {EI, Heff[N]+Hx[Nx]};

ds2 = − N2dt2 +
(E2)2

E1
(dx + Nxdt)2 + E1dΩ2

Covariance in canonical formulation

How to solve dynamics in the canonical formulation?



1) Choose a lapse function  and a shift vector 

2) Solve the Hamilton’s equation: 





3) Define the metric as: 

N Nx

·KI = {KI, Heff[N]+Hx[Nx]},
·EI = {EI, Heff[N]+Hx[Nx]};

ds2 = − N2dt2 +
(E2)2

E1
(dx + Nxdt)2 + E1dΩ2

Covariance in canonical formulation

How to solve dynamics in the canonical formulation?

If the final metric depends on the choice of  and  
• No: theory is covariant; 
• Yes: theory is not covariant.

N Nx

tμ tμ = Nnμ + Nμnμ

Nμ
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General Covariance in Effective QG

Nx → Nx − ϵ[N2μE1(E2)−2∂xα + (ℒβ𝔑)x]

N → N + ϵ[ℒα𝔑+βN + N𝔑ρ∂ρα], 𝔑 = ∂t − Nx∂x
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General Covariance in Effective QG

KI(x) → KI(x) + ϵ{KI(x), Heff[αN] + Hx[βx]}
EI(x) → EI(x) + ϵ{EI(x), Heff[αN] + Hx[βx]}

By constraint algebra

Nx → Nx − ϵ[N2μE1(E2)−2∂xα + (ℒβ𝔑)x]

N → N + ϵ[ℒα𝔑+βN + N𝔑ρ∂ρα], 𝔑 = ∂t − Nx∂x
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General Covariance in Effective QG

KI(x) → KI(x) + ϵ{KI(x), Heff[αN] + Hx[βx]}
EI(x) → EI(x) + ϵ{EI(x), Heff[αN] + Hx[βx]}

} δgρσdxρdxσ = ℒα𝔑+β(gρσdxρdxσ)

+( Δ1

(E1)2
−

2Δ2

E1E2 )(dx + Nxdt)2 − Δ1dΩ2

+N2(1 − μ)∂xα(2dxdt + 2Nx(dt)2)

 if  is independent of ΔI = 0 Heff ∂xKI

By constraint algebra
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{Heff[N], Hx[Mx]} = − Heff[Mx∂xN],

{Heff[N1], Heff[N2]} = Hx[μE1(E2)−2(N1∂xN2 − N2∂xN1)] .

In the classical theory, the factor here has the 
geometric interpretation of .qxx

General Covariance in Effective QG

We introduce the effective metric  defined by  

 

so that  

g(μ)
ab

ds2
(μ) = − N2dt2 +

(E2)2

μE1
(dx + Nxdt)2 + E1dΩ2

qxx
(μ) = μE1(E2)−2

[see also other works by M. Bojowald’s, A. Alonso-Bardaji, and  D. 
Brizuela, and so on]
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•  is excluded due to the requirement (1);

•  are excluded, otherwise 

F KI, EI, ∂xEI ∂2
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[CZ, J. Lewandowski, Y. Ma, J. Yang, 2025]
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Solutions to the covariance equation

for arbitrary functions  of  and  𝒵 s1 ≡ E1 Meff

 is a function of  and  μ s1 Meff

Given

Solve EOM

[CZ, Z. Cao, 2025]



LQG motivated metrics: -scheme LQBHμ̄

A

B

C C

W

A

W

AA

B

x
=

x b

x
=

x b

x
=

0

x
=

0 S

S S

S S

x = 2G
M

x = x − x = x−

x = 2GM

x = x −
x = x−

x = 2GMx = 2G
M

x = 2G
Mx = 2GM

x = x−x = x −

x = 2G
M x = 2GM

x = x −
x = x−

S
Transition region 
connecting BH 
and WH

f1 = 1 −
2M
x

+
4ζ2M2

x4

OR

Meff =
s1

3

2ζ2
sin2 ( ζs2

s1
± 2ζΞ

s1 ) ∓
s1 (s4)2 − 4 sin ( 2ζs2

s1
± 4ζΞ

s1 )
4ζ

.

for arbitrary Ξ(s1, s4)

s1 = E1, s2 = K2, s3 =
K1

E2
, s4 =

∂xE1

E2
, s5 =

∂xs4

E2
.

[CZ, J. Lewandowski, Y. Ma, J. Yang, 2025]

[CZ, Z. Cao, 2025]



A

B

W

AA

B

W

A

T (T = ⇡/2)
<latexit sha1_base64="LabTBz6ODurqdKNS9MzH146bI5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVOTKuhGKLpxWaEvaEKZTCft0MmDmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8cZ3md95pEKyKGyqSUzdAA9D5jOClZb65pETYDUimKOmgyrNGydm57Wzvlm2qtYMaJnYOSlDjkbf/HIGEUkCGirCsZQ924qVm2KhGOF0WnISSWNMxnhIe5qGOKDSTWfxp+hUKwPkR0K/UKGZ+nsjxYGUk8DTk1lYuehl4n9eL1H+tZuyME4UDcn8kJ9wpCKUdYEGTFCi+EQTTATTWREZYYGJ0o2VdAn24peXSbtWtS+qtYfLcv02r6MIx3ACFbDhCupwDw1oAYEUnuEV3own48V4Nz7mowUj3zmEPzA+fwDeppQf</latexit>

T (T = ⇡/2)
<latexit sha1_base64="LabTBz6ODurqdKNS9MzH146bI5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVOTKuhGKLpxWaEvaEKZTCft0MmDmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8cZ3md95pEKyKGyqSUzdAA9D5jOClZb65pETYDUimKOmgyrNGydm57Wzvlm2qtYMaJnYOSlDjkbf/HIGEUkCGirCsZQ924qVm2KhGOF0WnISSWNMxnhIe5qGOKDSTWfxp+hUKwPkR0K/UKGZ+nsjxYGUk8DTk1lYuehl4n9eL1H+tZuyME4UDcn8kJ9wpCKUdYEGTFCi+EQTTATTWREZYYGJ0o2VdAn24peXSbtWtS+qtYfLcv02r6MIx3ACFbDhCupwDw1oAYEUnuEV3own48V4Nz7mowUj3zmEPzA+fwDeppQf</latexit>

T (T = ⇡/2)
<latexit sha1_base64="LabTBz6ODurqdKNS9MzH146bI5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVOTKuhGKLpxWaEvaEKZTCft0MmDmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8cZ3md95pEKyKGyqSUzdAA9D5jOClZb65pETYDUimKOmgyrNGydm57Wzvlm2qtYMaJnYOSlDjkbf/HIGEUkCGirCsZQ924qVm2KhGOF0WnISSWNMxnhIe5qGOKDSTWfxp+hUKwPkR0K/UKGZ+nsjxYGUk8DTk1lYuehl4n9eL1H+tZuyME4UDcn8kJ9wpCKUdYEGTFCi+EQTTATTWREZYYGJ0o2VdAn24peXSbtWtS+qtYfLcv02r6MIx3ACFbDhCupwDw1oAYEUnuEV3own48V4Nz7mowUj3zmEPzA+fwDeppQf</latexit>
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[CZ, J. Lewandowski, Y. Ma, J. Yang, 2025]



A metric without Cauchy horizon
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Hayward metric

ds2 = − FH dt2 + (FH)−1 dx2 + x2dΩ2

s1 = E1, s2 = K2, s3 =
K1

E2
, s4 =

∂xE1

E2
, s5 =

∂xs4

E2
.

[CZ, Z. Cao, 2025]



Matter coupling: coupled to EM field

Classical theory: Covariant effective theory:

[J. Yang, Y. Ma, CZ, 2025]



Conclusion and outlook

• The sufficient and necessary condition for covariance;

(i)  is independent of derivatives of ;  
(ii)  for any phase 

space independent  functions  and . 

Heff K1
{S(x), Heff[αN]} = α(x){S(x), Heff[N]}

α N

• Covariance equation for the effective Hamiltonian constraint;

• Three solutions to the covariance equation:
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• Reconstruction of dynamics from geometry
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