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Introduction

Noncommutative Differential Geometry (NCDG) has attracted a lot of
attention in last decades. Woronowicz Hopf algebra bicovariant differential

calculi provided a new impetus for this development [4|. In particular, they
become very popular as a tool for investigations of Quantum Groups (QG).
Similarly, the formal dual of differential calculus over algebras generates

codifferential calculus over coalgebras, introduced by Doi in [2]. There is no
vast literature on this subject.

Here, we are mainly interested in using first-order codifferential calculuson
Hopt algebra as a tool for finding covariant first-order differential calculus
on module-algebras. We will show the procedure on examples of k-Poincaré
Hopt algebra and x-Minkowski spacetime algebra.

1 Main definitions

The pair (T,0) we call coderivation over coalgebra H if T & 9 is
bicomodule, 0 : T — H is a linear map and coLiebnitz rule is tulfilled:

Aod=(1d®d) oA+ (0 ®id) o Ap.

If the kernel of a right comodule morphism og := (6 ® id) o Ay is trivial,
we call (T,0) a first-order codifferential calculus.

If H is Hopf algebra, T is Hopf bimodule (Woronowicz’s bicovariant
bimodule) and:

O(a>v<b) =ad(v)b,

then we call (T, d) bicovariant first-order codifferential calculus.

Let H be Hopf algebra and A be module algebra with action

We call differential calculus (€24, d) over algebra A covariant with respect
to H action there is an action »: H & {24 — ()4 and:

Let (Tg,d) be bicovariant codifferential calculus over H. We call {2y
covariant with respect to T if there exist pairing o : Ty ® €4 — A and:

vadf =ovp f,
vila » w) =

(va) w.

2 k-Poincaré Hopf algebra

Let’s introduce xk-Poincaré Hopf algebra by a system of generators
H = gen{H07 1_[()_17 Pjv va M]‘j — 17273} (IOOk [1])

7)@7 ro] — 07 Pja Pk] — 07 M]7 Mk] — iejklMla
Mj;, L] =0, Mj;, Pr| = €1 Pl N, My| = i€ Ny,
Nj, o] = =P, [N, Pr] = —i0;5Po, [N}, Ni| = i€ M.

Ally = 11y & I,
AP, =P; @1+ 1 P;,
AM; = M;@1+1® M,

AN; =N, @ 1+1I;' ® N; —
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Lowest dimensional bicovariant first-order codifferential calculus
[t is 5-dimensional with its right-free module basis: Ty = (ve, vy, V).

Ar(ve) =T @ ve + 2(kPy — PALY @ vy — 2PI1 1 @ g,
Ar(vg) = Iy ® vy, Ar(vj)) =Pi@uvy+1® v

2.1 ~r-Minkowski

Lowest dimensional covariant first-order differential calculus
It is 5-dimensional with its right-free module basis {24 = <6’C, 6" 9j> dual

to basis of T g.

can be found from:

vxaf0" = (vx1 > f)(vx<os 0" ) = (vx20)A, (f).
6" = 6(11of) + 6'(Pif) +26[(Py - R

f6 =67 f —20°(P;1I; " /),

f0° = 0% (11" ).

1y » gy e~ =
Nj > ch—ﬁ(g‘j, Nj > QO:ili(Qj,

Mj > (gk:iéjkl@l,
k __ 1 0
Nj > 0 —% jktg.

Literature My result
2!, da'] = 5o, 2!, da'] = Lda’ + 20,
27, da'] = Lda, 27, da” idmﬁ
2V, dz?] = 0, 2V, dz?] = 0,
G oAkl s Llrg.0 1 G Ak C
:azj dz"] = o= (dz” — =), ::I:J,da:_] = —20,:0%
20, 6] = da’ 20, 66) = —L6C.
2/, 9| = da’, 27, 0] = 0,
There is an agreement

¢ = rkdz' + 2k%0°
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