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Introduction

Noncommutative Differential Geometry (NCDG) has attracted a lot of
attention in last decades. Woronowicz Hopf algebra bicovariant differential
calculi provided a new impetus for this development [4]. In particular, they
become very popular as a tool for investigations of Quantum Groups (QG).
Similarly, the formal dual of differential calculus over algebras generates

codifferential calculus over coalgebras, introduced by Doi in [2]. There is no
vast literature on this subject.
Here, we are mainly interested in using first-order codifferential calculuson

Hopf algebra as a tool for finding covariant first-order differential calculus
on module-algebras. We will show the procedure on examples of κ-Poincaré
Hopf algebra and κ-Minkowski spacetime algebra.

1 Main definitions

Definition: Differential calculus
The pair (Υ, δ) we call coderivation over coalgebra H if Υ ∈H MH is
bicomodule, δ : Υ → H is a linear map and coLiebnitz rule is fulfilled:

∆ ◦ δ = (id ⊗ δ) ◦∆L + (δ ⊗ id) ◦∆R .

If the kernel of a right comodule morphism σR := (δ ⊗ id) ◦∆R is trivial,
we call (Υ, δ) a first-order codifferential calculus.
If H is Hopf algebra, Υ is Hopf bimodule (Woronowicz’s bicovariant
bimodule) and:

δ(a ▷ υ ◁ b) = aδ(υ)b,

then we call (Υ, δ) bicovariant first-order codifferential calculus.

Definition: Covariant differential calculus
Let H be Hopf algebra and A be module algebra with action
▷ : H ⊗A → A.
We call differential calculus (ΩA, d) over algebra A covariant with respect
to H action there is an action ▶: H ⊗ ΩA → ΩA and:

a ▶ df = d(a ▷ f ).

Let (ΥH, δ) be bicovariant codifferential calculus over H . We call ΩA
covariant with respect to ΥH if there exist pairing ⌟ : ΥH⊗ΩA → A and:

υ⌟df = δυ ▷ f,

υ⌟(a ▶ ω) = (υa)⌟ω.

2 κ-Poincaré Hopf algebra

Let’s introduce κ-Poincaré Hopf algebra by a system of generators
H = gen{Π0, Π

−1
0 , Pj, Nj, Mj|j = 1, 2, 3} (look [1])

[Pi,Π0] = 0, [Pj,Pk] = 0, [Mj,Mk] = iϵjklMl,
[Mj,Π0] = 0, [Mj,Pk] = iϵjklPl, [Nj,Mk] = iϵjklNl,
[Nj,Π0] =

i
κPj, [Nj,Pk] = −iδjkP0, [Nj, Nk] = −iϵjklMl.

∆Π0 = Π0 ⊗ Π0,

∆Pj = Pj ⊗ Π0 + 1⊗ Pj,

∆Mj = Mj ⊗ 1 + 1⊗Mj,

∆Nj = Nj ⊗ 1 + Π−1
0 ⊗Nj −

1

κ
ϵjklPkΠ

−1
0 ⊗Ml.

P0 =
κ

2

(
Π0 − Π−1

0 (1− 1

κ2

−→
P 2)

)
.

Lowest dimensional bicovariant first-order codifferential calculus
It is 5-dimensional with its right-free module basis: ΥH = ⟨υC, υ0, υj⟩.

δ(υ0) = Π0 − 1, δ(υj) = Pj, δ(υC) = κ2(Π0 + Π−1
0 − 2)−

−→
P 2Π−1

0 .

∆L(υC) = Π−1
0 ⊗ υC + 2(κP0 −

−→
P 2Π−1

0 )⊗ υ0 − 2PkΠ
−1
0 ⊗ υk,

∆L(υ0) = Π0 ⊗ υ0, ∆L(υj) = Pj ⊗ υ0 + 1⊗ υj.

[Nj, υ0] = − i
κυj, [Mj, υk] = iϵjklυl,

[Nj, υk] = iδjk(
1
2κυC − κυ0).

2.1 κ-Minkowski

Lowest dimensional covariant first-order differential calculus
It is 5-dimensional with its right-free module basis ΩA =

⟨
θC, θ0, θj

⟩
dual

to basis of ΥH.
The partial derivatives can be found:

∂θ
X(f ) = δ(υX) ▷ f.

can be found from:

υX⌟fθY = (υX(−1) ▷ f )(υX<0> ▶ θY ) = (υX⌟θZ)A Y
Z (f ).

fθ0 = θ0(Π0f ) + θi(Pif ) + 2θC[(κP0 −
−→
P 2Π−1

0 )f ],

fθj = θjf − 2θC(PjΠ
−1
0 f ),

fθC = θC(Π−1
0 f ).

Π0 ▶H θX = 1, Mj ▶H θk = iϵjklθ
l,

Nj ▶H θC = − i
2κθ

j, Nj ▶H θ0 = iκθj, Nj ▶H θk = i
κδjkθ

0.

Comparison with literature [3]
Literature My result
[x0, dx0] = 1

κ2ϕ, [x0, dx0] = 1
κdx

0 + 2θC,
[xj, dx0] = 1

κdx
j, [xj, dx0] = 1

κdx
j,

[x0, dxj] = 0, [x0, dxj] = 0,
[xj, dxk] = δjk

1
κ(dx

0 − 1
κϕ), [xj, dxk] = −2δjkθ

C,
[x0, ϕ] = dx0, [x0, θC] = −1

κθ
C,

[xj, ϕ] = dxj, [xj, θC] = 0,
There is an agreement:

ϕ = κdx0 + 2κ2θC.
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