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Celestial Hologaphy
[Strominger, Pasterski, Puhm, Raclariu, Kapec, Guevara, Himwich, Pate, Costello, Paquette, . . . ]

Seek holographic dual to quantum gravity theories in
asymptotically flat space-times.

The S-matrix is most natural
observable.
• Specify initial & final states

of massless particles at
I ± = S2 × R null infinity.

• Diffeomorphism invariant.
• Naturally ‘holographic’.

Celestial Holography posits the existence of a holographic dual to
gravitational theories in asymptotically flat space-times
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The S-matrix is perhaps the most
natural observable of such theories

‘naturally holographic’

diffeomorphism invariant

for massless particles, initial &
final states specified on I ±

David Skinner Celestial sdGR Oxford Maths Jan 25



Massless amplitudes at null infinity

Amplitudes A(k1, .., kn) ↔ scattering of plane waves eiki ·x with

null ki = ωi(1,ℜzi ,ℑzi ,1−|zi |2) zi ∈ C, ωi = frequency/energy.

• To approach I , set xa = uta + rla

with ta unit timelike and la null

la = (1, ,ℜz,ℑz,1 − |z|2).

• As r → ∞ get coords

(u, z) ∈ R× S2 = I .

• Stationary phase gives

lim
r→∞

eiki ·x ∼ eiωi u δ2(z − zi) .

Plane waves localize at pts of celestial sphere = S2-factor of I .



3 approaches to flat space holography

I
+
⇠=

S
2 ⇥ R
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celestial S2
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‘Carrollian’ ‘Celestial’

3d Carrollian perspective more appropriate for dynamics on I (eg
sequential bursts of gravitational radiation), but less well understood

2d Celestial perspective closer to CFT; requires decomposing fields
into modes along R direction (eg ‘conformally soft’ / Mellin modes)

David Skinner Celestial sdGR Oxford Maths Jan 25

• Carrollian. Seeks Carrollian CFT with ‘BMS’ symmetries
on I = null hypersurface. [Donnay, Fiorucci, Ruzziconi . . . ]

• Celestial. Seeks ordinary CFT on celestial S2:
u ∈ R-factor ‘Mellin’ transforms to ∆ = dimension.
[Strominger, Pasterski, Puhm, Ball, Kapec, Guevara, . . . ]

• Twistorial. Seeks dual theory on asymptotic twistor space
PT = CP3, related to above by Penrose transform.
[ M., Adamo, Sharma, Costello, Paquette, Skinner, Bittleston, Zhang, Garner, . . . ]



Prehistory: holography from null infinity, via light-cones

• Newman: ’70’s: tries to rebuild
space-time from ‘cuts’ of I .

• Yields instead ‘H-space’ a
complex self-dual space-time.

• Penrose: ; asymptotic Twistor
space PT & nonlinear graviton.

• Idea: Deform PT = CP3 − CP1 ; PT
encoding data at I .

• Embodies integrability of SD sector.
• ; hierarchies of hidden symmetries.
We will see Noether charges via twistor actions ↔ Celestial
Holography construction from soft OPEs of S-matrix.



Outline

1 Review of celestial symmetries.
2 Symmetries = Twistor space diffeomorphisms.
3 ↔ gravitons via Penrose’s nonlinear graviton.
4 Twistor action for (SD) Einstein gravity.
5 Noether charges, and Hamiltonians/fluxes.
6 Recursion operators and hierarchies from BMS.



Bottom up input

Postulate:
• amplitudes are correlators in some celestial CFT,

A(k1, k2, . . .) = ⟨O(k1)O(k2) . . .⟩

• Transform the ωi : Fourier ; Carrollian, Mellin ; celestial,
1
2 -Fourier/Penrose ; twistorial.

• Amplitudes give much data to work from ; new emergent
structures!

• Infrared triangle:
[Strominger et/ al. 2013 on]

• New hierarchies of
celestial symmetries Lw1+∞ = Lham(C2).
[Strominger, Ball, Guevara, Himwich, . . . ]



Celestial symmetries
[Strominger, Guevara,Himwich, Pate, ]

• Postulate amplitudes are correlators in a celestial CFT.

A(k1, k2, . . .) = ⟨O(k1)O(k2) . . .⟩
• Let ki = ωi(1 + |zi |2,ℜzi ,ℑzi ,1 − |zi |2), zi ∈ CP1, ωi energy

soft expansion: O(k) =
∑

p

ωpHp(z, z̃) .

• Collinear limits ; splitting functions

From the bulk perspective, the space of graviton / Plebanski fluctuations
naturally has the structure of an algebra

fundamentally, the algebra arises because the Hilbert space of a
massless field does not admit a Fock decomposition

it can be seen in the splitting function of amplitudes in the collinear
limit; classically this takes the universal form

Asymptotic

Symmetries

Weinberg

soft theorems

Memory

Effects

ki
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Mn ∼
[ij ]

〈ij〉Mn−1 as 〈ij〉 → 0

expanding in Mellin modes W [p, q](z) gives [Strominger;Ball,Narayanan,Salzer]

W [p, q](z)W [r , s](0) ∼ ps − qr

z
W [p + r − 1, q + s − 1](0)

for p, q, r , s ∈ N0, which is the algebra Lham(C2)

supertranslations have p + q = 1, superrotations have p + q = 2

David Skinner Celestial sdGR Oxford Maths Jan 25

M(k1, k2, k3, . . .)
k1∥k2−→ Split(k1, k2, k1 +k2)M(k1 +k2, k3, . . .)

• Splitting functions define OPE coefficients

Hp1(z, z̃1)Hp2(0, z̃2)
z→0−→ Cp1p2

p3

z
Hp3(0, z̃1 + z̃2) + . . .

• Mode expansion ; Lw1+∞ = Lham(C2):

[Hp
m,a,H

q
n,b] = (m(q − 1)− n(p − 1))Hp+q−2

m+n,a+b .



Data at null infinity I

Asymptotically simple (M,g) has I ±, all light rays meet both.

• Bondi coords: (u = t − r , z = x+iy
r−z , z̄).

• At I , z ∈ C stereographic coord. on S2

MI

I

      

• For curved g near I as r → ∞

ds̃2 = 2dudr − r2dzdz̄ + r(σdz̄2 + σ̄dz2) + O(1) ,

• σ(u, z, z̄) = asymptotic shear; SD gravitational data at I .



Realization as asymptotic charges
Friedel, Pranzetti & Raclariu, 2112.15573, Geiller 2403., Kmec, M., Ruzziconi, Yelleshpur-Srikant, 2407.04028

On I = R× S2 with coordinates (u, z, z̄), introduce
• asymptotic shear (gravity data) ↔ (σ(u, z, z̄), σ̄(u, z, z̄)),
• Weyl tensor NP components Ψ0

n, n = 0, . . . ,4

Ψ0
4 = σ̈, Ψ0

3 = ð̄σ̇,

• Asymptotic Bianchi identities

∂uΨ
0
n = ð̄Ψ0

n+1 + (3 − n)σ̄Ψ0
n+2, n = 0,1,2,3 .

• Generalise to recursion Qs = Ψ0
2−s

∂uQs = ð̄Qs−1 + (s + 1)σ̄Qs−2, s = −1,0,1,2 . . .

• ; charges for τs(z, z̄) spin s, (s = 0 Bondi mass):

Qs =

∫

S2
u=u0

d2z τsQs + . . .

• But guesswork, how do Qs ↔ Hp . . .? and its complicated:



The full formulae at I
Friedel,Pranzetti, Raclariu][Geiller][Kmec,M., Ruzziconi, Yelleshpur]

Q−1 =

∫

S
d2z τ−1Q−1,

Q0 =

∫

S
d2z τ0(Q0 − uð̄Q−1) ,

Q1 =

∫

S
d2z τ1

(
Q1 − uð̄Q0 +

u2

2
ð̄2Q−1 − 2Q−1∂

−1
u σ̄

)
,

Q2 =

∫

S
d2z τ2

(
Q2 − uð̄Q1 +

u2

2
ð̄Q0 −

u3

6
ð̄3Q−1

− 3Q0∂
−1
u σ̄ + 3ð̄Q−1∂

−2
u σ̄ + 2ð̄

(
Q−1∂

−1
u (uσ̄)

))
,

Q3 =

∫

S
d2z τ3

(
Q3 − uð̄Q2 +

u2

2
ð̄2Q1 −

u3

6
ð̄3Q0 +

u4

24
ð̄4Q−1

− 4Q1∂
−1
u σ̄ + 3ð̄

(
Q0∂

−1
u (uσ̄)

)
+ 4ð̄Q0∂

−2
u σ̄ + 8Q−1∂

−1
u (σ̄∂−1

u σ̄)

− 3ð̄
(
ð̄Q−1∂

−2
u (uσ̄)

)
− ð̄2

(
Q−1∂

−1
u (u2σ̄)

)
− 4ð̄Q−1∂

−3
u σ̄

)
.

We give a top-down derivation from twistor space.



Twistor space as homogeneous space of Lham(C2)

Flat twistor space: T = C4, projectively PT with hgs coords:

W A = (λα, µ
α̇) ∈ T, α = 0,1, W ∼ aW ,a ̸= 0 .

• Has projection PT− CP1
{λα=0} onto celestial sphere

p : PT → CP1 , p(W ) = λα , z = λ1/λ0 .

Poisson bracket: {f ,g} = εα̇β̇
∂f
∂µα̇

∂g
∂µβ̇

=

[
∂f
∂µ

∂g
∂µ

]
.•

• Lham(C2) = Hamiltonian
diffeomorphisms of PT.

• Soft modes above are

Hp
m,r =

(µ0̇)p−m−1(µ1̇)p+m−1

λr
1λ

2p−r−4
0

.

In twistor space it’s well-known what we need to achieve:
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<latexit sha1_base64="s4idkQK+uTTg8n/yxDEDGvz3qn4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kok6feyKblxWsNNCO5RMmraxmcyQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733BLHg2iD04eRWVtfWN/Kbha3tnd294v6Bp6NEUdaikYhUJyCaCS5Zy3AjWCdWjISBYO1gcpX57XumNI/krZnGzA/JSPIhp8RYyfP6KT6f9YslVHYRrleqEJURwq5bsaRer7kYQ2yVDCWwRLNffO8NIpqETBoqiNZdjGLjp0QZTgWbFXqJZjGhEzJiXUslCZn20/m1M3hilQEcRsqWNHCufp9ISaj1NAxsZ0jMWP/2MvEvr5uYYc1PuYwTwyRdLBomApoIZq/DAVeMGjG1hFDF7a2Qjoki1NiACjaEr0/h/8Q7K2PLby5KjctlHHlwBI7BKcCgChrgGjRBC1BwBx7AE3h2IufReXFeF605ZzlzCH7AefsEgMCPFQ==</latexit><latexit sha1_base64="s4idkQK+uTTg8n/yxDEDGvz3qn4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kok6feyKblxWsNNCO5RMmraxmcyQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733BLHg2iD04eRWVtfWN/Kbha3tnd294v6Bp6NEUdaikYhUJyCaCS5Zy3AjWCdWjISBYO1gcpX57XumNI/krZnGzA/JSPIhp8RYyfP6KT6f9YslVHYRrleqEJURwq5bsaRer7kYQ2yVDCWwRLNffO8NIpqETBoqiNZdjGLjp0QZTgWbFXqJZjGhEzJiXUslCZn20/m1M3hilQEcRsqWNHCufp9ISaj1NAxsZ0jMWP/2MvEvr5uYYc1PuYwTwyRdLBomApoIZq/DAVeMGjG1hFDF7a2Qjoki1NiACjaEr0/h/8Q7K2PLby5KjctlHHlwBI7BKcCgChrgGjRBC1BwBx7AE3h2IufReXFeF605ZzlzCH7AefsEgMCPFQ==</latexit><latexit sha1_base64="s4idkQK+uTTg8n/yxDEDGvz3qn4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kok6feyKblxWsNNCO5RMmraxmcyQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733BLHg2iD04eRWVtfWN/Kbha3tnd294v6Bp6NEUdaikYhUJyCaCS5Zy3AjWCdWjISBYO1gcpX57XumNI/krZnGzA/JSPIhp8RYyfP6KT6f9YslVHYRrleqEJURwq5bsaRer7kYQ2yVDCWwRLNffO8NIpqETBoqiNZdjGLjp0QZTgWbFXqJZjGhEzJiXUslCZn20/m1M3hilQEcRsqWNHCufp9ISaj1NAxsZ0jMWP/2MvEvr5uYYc1PuYwTwyRdLBomApoIZq/DAVeMGjG1hFDF7a2Qjoki1NiACjaEr0/h/8Q7K2PLby5KjctlHHlwBI7BKcCgChrgGjRBC1BwBx7AE3h2IufReXFeF605ZzlzCH7AefsEgMCPFQ==</latexit><latexit sha1_base64="s4idkQK+uTTg8n/yxDEDGvz3qn4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kok6feyKblxWsNNCO5RMmraxmcyQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733BLHg2iD04eRWVtfWN/Kbha3tnd294v6Bp6NEUdaikYhUJyCaCS5Zy3AjWCdWjISBYO1gcpX57XumNI/krZnGzA/JSPIhp8RYyfP6KT6f9YslVHYRrleqEJURwq5bsaRer7kYQ2yVDCWwRLNffO8NIpqETBoqiNZdjGLjp0QZTgWbFXqJZjGhEzJiXUslCZn20/m1M3hilQEcRsqWNHCufp9ISaj1NAxsZ0jMWP/2MvEvr5uYYc1PuYwTwyRdLBomApoIZq/DAVeMGjG1hFDF7a2Qjoki1NiACjaEr0/h/8Q7K2PLby5KjctlHHlwBI7BKcCgChrgGjRBC1BwBx7AE3h2IufReXFeF605ZzlzCH7AefsEgMCPFQ==</latexit>

V23
<latexit sha1_base64="rIbELK8fmSFLZgEf1ZdowlUAKCY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKt1XZXdOOygp0W2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v6Br2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Or2Z++54qzaS4NZOEBjEeChYxgo2VfL+flSvTfrGE3Cry6uceRG65iurViiXIQ6hcg56L5iiBJZr94ntvIEkaU2EIx1p3PZSYIMPKMMLptNBLNU0wGeMh7VoqcEx1kM2vncITqwxgJJUtYeBc/T6R4VjrSRzazhibkf7tzcS/vG5qolqQMZGkhgqyWBSlHBoJZ6/DAVOUGD6xBBPF7K2QjLDCxNiACjaEr0/h/8Qvu57lN2elxuUyjjw4AsfgFHjgAjTANWiCFiDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEZFuPAQ==</latexit><latexit sha1_base64="rIbELK8fmSFLZgEf1ZdowlUAKCY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKt1XZXdOOygp0W2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v6Br2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Or2Z++54qzaS4NZOEBjEeChYxgo2VfL+flSvTfrGE3Cry6uceRG65iurViiXIQ6hcg56L5iiBJZr94ntvIEkaU2EIx1p3PZSYIMPKMMLptNBLNU0wGeMh7VoqcEx1kM2vncITqwxgJJUtYeBc/T6R4VjrSRzazhibkf7tzcS/vG5qolqQMZGkhgqyWBSlHBoJZ6/DAVOUGD6xBBPF7K2QjLDCxNiACjaEr0/h/8Qvu57lN2elxuUyjjw4AsfgFHjgAjTANWiCFiDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEZFuPAQ==</latexit><latexit sha1_base64="rIbELK8fmSFLZgEf1ZdowlUAKCY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKt1XZXdOOygp0W2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v6Br2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Or2Z++54qzaS4NZOEBjEeChYxgo2VfL+flSvTfrGE3Cry6uceRG65iurViiXIQ6hcg56L5iiBJZr94ntvIEkaU2EIx1p3PZSYIMPKMMLptNBLNU0wGeMh7VoqcEx1kM2vncITqwxgJJUtYeBc/T6R4VjrSRzazhibkf7tzcS/vG5qolqQMZGkhgqyWBSlHBoJZ6/DAVOUGD6xBBPF7K2QjLDCxNiACjaEr0/h/8Qvu57lN2elxuUyjjw4AsfgFHjgAjTANWiCFiDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEZFuPAQ==</latexit><latexit sha1_base64="rIbELK8fmSFLZgEf1ZdowlUAKCY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKt1XZXdOOygp0W2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v6Br2WqCG0RyaXqhFhTzgRtGWY47SSK4jjktB2Or2Z++54qzaS4NZOEBjEeChYxgo2VfL+flSvTfrGE3Cry6uceRG65iurViiXIQ6hcg56L5iiBJZr94ntvIEkaU2EIx1p3PZSYIMPKMMLptNBLNU0wGeMh7VoqcEx1kM2vncITqwxgJJUtYeBc/T6R4VjrSRzazhibkf7tzcS/vG5qolqQMZGkhgqyWBSlHBoJZ6/DAVOUGD6xBBPF7K2QjLDCxNiACjaEr0/h/8Qvu57lN2elxuUyjjw4AsfgFHjgAjTANWiCFiDgDjyAJ/DsSOfReXFeF605ZzlzCH7AefsEZFuPAQ==</latexit>

V34
<latexit sha1_base64="beCy/gDRnfmdVQlWmitvLWSC0LI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFSZtiumu6MZlBZsW2lAm00k7djIJMxOhhP6DGxeKuPV/3Pk3Th+Cih64cDjnXu69J0w5UxqhD6uwtr6xuVXcLu3s7u0flA+PfJVkktA2SXgiuyFWlDNB25ppTruppDgOOe2Ek6u537mnUrFE3OppSoMYjwSLGMHaSL4/yGvubFCuILvRQK7rQWTXUbXq1g1BtarnOdCx0QIVsEJrUH7vDxOSxVRowrFSPQelOsix1IxwOiv1M0VTTCZ4RHuGChxTFeSLa2fwzChDGCXSlNBwoX6fyHGs1DQOTWeM9Vj99ubiX14v05EX5EykmaaCLBdFGYc6gfPX4ZBJSjSfGoKJZOZWSMZYYqJNQCUTwten8H/iV23H8Bu30rxcxVEEJ+AUnAMHXIAmuAYt0AYE3IEH8ASercR6tF6s12VrwVrNHIMfsN4+AYAejxQ=</latexit><latexit sha1_base64="beCy/gDRnfmdVQlWmitvLWSC0LI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFSZtiumu6MZlBZsW2lAm00k7djIJMxOhhP6DGxeKuPV/3Pk3Th+Cih64cDjnXu69J0w5UxqhD6uwtr6xuVXcLu3s7u0flA+PfJVkktA2SXgiuyFWlDNB25ppTruppDgOOe2Ek6u537mnUrFE3OppSoMYjwSLGMHaSL4/yGvubFCuILvRQK7rQWTXUbXq1g1BtarnOdCx0QIVsEJrUH7vDxOSxVRowrFSPQelOsix1IxwOiv1M0VTTCZ4RHuGChxTFeSLa2fwzChDGCXSlNBwoX6fyHGs1DQOTWeM9Vj99ubiX14v05EX5EykmaaCLBdFGYc6gfPX4ZBJSjSfGoKJZOZWSMZYYqJNQCUTwten8H/iV23H8Bu30rxcxVEEJ+AUnAMHXIAmuAYt0AYE3IEH8ASercR6tF6s12VrwVrNHIMfsN4+AYAejxQ=</latexit><latexit sha1_base64="beCy/gDRnfmdVQlWmitvLWSC0LI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFSZtiumu6MZlBZsW2lAm00k7djIJMxOhhP6DGxeKuPV/3Pk3Th+Cih64cDjnXu69J0w5UxqhD6uwtr6xuVXcLu3s7u0flA+PfJVkktA2SXgiuyFWlDNB25ppTruppDgOOe2Ek6u537mnUrFE3OppSoMYjwSLGMHaSL4/yGvubFCuILvRQK7rQWTXUbXq1g1BtarnOdCx0QIVsEJrUH7vDxOSxVRowrFSPQelOsix1IxwOiv1M0VTTCZ4RHuGChxTFeSLa2fwzChDGCXSlNBwoX6fyHGs1DQOTWeM9Vj99ubiX14v05EX5EykmaaCLBdFGYc6gfPX4ZBJSjSfGoKJZOZWSMZYYqJNQCUTwten8H/iV23H8Bu30rxcxVEEJ+AUnAMHXIAmuAYt0AYE3IEH8ASercR6tF6s12VrwVrNHIMfsN4+AYAejxQ=</latexit><latexit sha1_base64="beCy/gDRnfmdVQlWmitvLWSC0LI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFSZtiumu6MZlBZsW2lAm00k7djIJMxOhhP6DGxeKuPV/3Pk3Th+Cih64cDjnXu69J0w5UxqhD6uwtr6xuVXcLu3s7u0flA+PfJVkktA2SXgiuyFWlDNB25ppTruppDgOOe2Ek6u537mnUrFE3OppSoMYjwSLGMHaSL4/yGvubFCuILvRQK7rQWTXUbXq1g1BtarnOdCx0QIVsEJrUH7vDxOSxVRowrFSPQelOsix1IxwOiv1M0VTTCZ4RHuGChxTFeSLa2fwzChDGCXSlNBwoX6fyHGs1DQOTWeM9Vj99ubiX14v05EX5EykmaaCLBdFGYc6gfPX4ZBJSjSfGoKJZOZWSMZYYqJNQCUTwten8H/iV23H8Bu30rxcxVEEJ+AUnAMHXIAmuAYt0AYE3IEH8ASercR6tF6s12VrwVrNHIMfsN4+AYAejxQ=</latexit>

U4
<latexit sha1_base64="NWmh7e3vpW/pb47RRLKbziMa4hM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQe/f9mv1ty6OxdZBa+AGhRq9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKPrIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1lrXFTxFGGEziFc/DgChpwB03wgcEQnuEV3hzpvDjvzseiteQUM8fwR87nD9rdjYA=</latexit><latexit sha1_base64="NWmh7e3vpW/pb47RRLKbziMa4hM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQe/f9mv1ty6OxdZBa+AGhRq9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKPrIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1lrXFTxFGGEziFc/DgChpwB03wgcEQnuEV3hzpvDjvzseiteQUM8fwR87nD9rdjYA=</latexit><latexit sha1_base64="NWmh7e3vpW/pb47RRLKbziMa4hM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQe/f9mv1ty6OxdZBa+AGhRq9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKPrIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1lrXFTxFGGEziFc/DgChpwB03wgcEQnuEV3hzpvDjvzseiteQUM8fwR87nD9rdjYA=</latexit><latexit sha1_base64="NWmh7e3vpW/pb47RRLKbziMa4hM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQe/f9mv1ty6OxdZBa+AGhRq9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKPrIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwVs+eRVaF3XP8v1lrXFTxFGGEziFc/DgChpwB03wgcEQnuEV3hzpvDjvzseiteQUM8fwR87nD9rdjYA=</latexit>

U1
<latexit sha1_base64="RGQw/8n/bDm+JigR5WArrNJ92jY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eD3vX615tbducgqeAXUoFCzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYteipDHqIJ+vOiVn1hmQKFH2SUPm7u+JnMZaT+LQdsbUjPRybWb+V+tmJroOci7TzKBki4+iTBCTkNndZMAVMiMmFihT3O5K2IgqyoxNp2JD8JZPXoXWRd2zfH9Za9wUcZThBE7hHDy4ggbcQRN8YDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ZRjX0=</latexit><latexit sha1_base64="RGQw/8n/bDm+JigR5WArrNJ92jY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eD3vX615tbducgqeAXUoFCzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYteipDHqIJ+vOiVn1hmQKFH2SUPm7u+JnMZaT+LQdsbUjPRybWb+V+tmJroOci7TzKBki4+iTBCTkNndZMAVMiMmFihT3O5K2IgqyoxNp2JD8JZPXoXWRd2zfH9Za9wUcZThBE7hHDy4ggbcQRN8YDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ZRjX0=</latexit><latexit sha1_base64="RGQw/8n/bDm+JigR5WArrNJ92jY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eD3vX615tbducgqeAXUoFCzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYteipDHqIJ+vOiVn1hmQKFH2SUPm7u+JnMZaT+LQdsbUjPRybWb+V+tmJroOci7TzKBki4+iTBCTkNndZMAVMiMmFihT3O5K2IgqyoxNp2JD8JZPXoXWRd2zfH9Za9wUcZThBE7hHDy4ggbcQRN8YDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ZRjX0=</latexit><latexit sha1_base64="RGQw/8n/bDm+JigR5WArrNJ92jY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxomkLbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eD3vX615tbducgqeAXUoFCzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYteipDHqIJ+vOiVn1hmQKFH2SUPm7u+JnMZaT+LQdsbUjPRybWb+V+tmJroOci7TzKBki4+iTBCTkNndZMAVMiMmFihT3O5K2IgqyoxNp2JD8JZPXoXWRd2zfH9Za9wUcZThBE7hHDy4ggbcQRN8YDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ZRjX0=</latexit>

U2
<latexit sha1_base64="oiW7MCHiwuLxyDyltbgBEIkdWf8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisaNpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7i2ohEPeIk5UFMh0pEglG01oPfr/crVbfmzkVWwSugCoWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctKhpzE+TzVafk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2VsBHVlKFNp2xD8JZPXoVWveZZvr+sNm6KOEpwCmdwAR5cQQPuoAk+MBjCM7zCmyOdF+fd+Vi0rjnFzAn8kfP5A9fVjX4=</latexit><latexit sha1_base64="oiW7MCHiwuLxyDyltbgBEIkdWf8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisaNpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7i2ohEPeIk5UFMh0pEglG01oPfr/crVbfmzkVWwSugCoWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctKhpzE+TzVafk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2VsBHVlKFNp2xD8JZPXoVWveZZvr+sNm6KOEpwCmdwAR5cQQPuoAk+MBjCM7zCmyOdF+fd+Vi0rjnFzAn8kfP5A9fVjX4=</latexit><latexit sha1_base64="oiW7MCHiwuLxyDyltbgBEIkdWf8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisaNpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7i2ohEPeIk5UFMh0pEglG01oPfr/crVbfmzkVWwSugCoWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctKhpzE+TzVafk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2VsBHVlKFNp2xD8JZPXoVWveZZvr+sNm6KOEpwCmdwAR5cQQPuoAk+MBjCM7zCmyOdF+fd+Vi0rjnFzAn8kfP5A9fVjX4=</latexit><latexit sha1_base64="oiW7MCHiwuLxyDyltbgBEIkdWf8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisaNpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7i2ohEPeIk5UFMh0pEglG01oPfr/crVbfmzkVWwSugCoWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctKhpzE+TzVafk3DoDEiXaPoVk7v6eyGlszCQObWdMcWSWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbO7yUBozlBOLFCmhd2VsBHVlKFNp2xD8JZPXoVWveZZvr+sNm6KOEpwCmdwAR5cQQPuoAk+MBjCM7zCmyOdF+fd+Vi0rjnFzAn8kfP5A9fVjX4=</latexit>

U3
<latexit sha1_base64="Mr5pauuRhvFxWWA1RxNHZB+nfgw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxorGFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDOtt55QaZ7IBzNOMYjpQPKIM2qsde/3znvVmlt3ZyLL4BVQg0LNXvWr209YFqM0TFCtO56bmiCnynAmcFLpZhpTykZ0gB2Lksaog3y26oScWKdPokTZJw2Zub8nchprPY5D2xlTM9SLtan5X62TmegqyLlMM4OSzT+KMkFMQqZ3kz5XyIwYW6BMcbsrYUOqKDM2nYoNwVs8eRkez+qe5buLWuO6iKMMR3AMp+DBJTTgFprgA4MBPMMrvDnCeXHenY95a8kpZg7hj5zPH9lZjX8=</latexit><latexit sha1_base64="Mr5pauuRhvFxWWA1RxNHZB+nfgw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxorGFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDOtt55QaZ7IBzNOMYjpQPKIM2qsde/3znvVmlt3ZyLL4BVQg0LNXvWr209YFqM0TFCtO56bmiCnynAmcFLpZhpTykZ0gB2Lksaog3y26oScWKdPokTZJw2Zub8nchprPY5D2xlTM9SLtan5X62TmegqyLlMM4OSzT+KMkFMQqZ3kz5XyIwYW6BMcbsrYUOqKDM2nYoNwVs8eRkez+qe5buLWuO6iKMMR3AMp+DBJTTgFprgA4MBPMMrvDnCeXHenY95a8kpZg7hj5zPH9lZjX8=</latexit><latexit sha1_base64="Mr5pauuRhvFxWWA1RxNHZB+nfgw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxorGFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDOtt55QaZ7IBzNOMYjpQPKIM2qsde/3znvVmlt3ZyLL4BVQg0LNXvWr209YFqM0TFCtO56bmiCnynAmcFLpZhpTykZ0gB2Lksaog3y26oScWKdPokTZJw2Zub8nchprPY5D2xlTM9SLtan5X62TmegqyLlMM4OSzT+KMkFMQqZ3kz5XyIwYW6BMcbsrYUOqKDM2nYoNwVs8eRkez+qe5buLWuO6iKMMR3AMp+DBJTTgFprgA4MBPMMrvDnCeXHenY95a8kpZg7hj5zPH9lZjX8=</latexit><latexit sha1_base64="Mr5pauuRhvFxWWA1RxNHZB+nfgw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxorGFNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDOtt55QaZ7IBzNOMYjpQPKIM2qsde/3znvVmlt3ZyLL4BVQg0LNXvWr209YFqM0TFCtO56bmiCnynAmcFLpZhpTykZ0gB2Lksaog3y26oScWKdPokTZJw2Zub8nchprPY5D2xlTM9SLtan5X62TmegqyLlMM4OSzT+KMkFMQqZ3kz5XyIwYW6BMcbsrYUOqKDM2nYoNwVs8eRkez+qe5buLWuO6iKMMR3AMp+DBJTTgFprgA4MBPMMrvDnCeXHenY95a8kpZg7hj5zPH9lZjX8=</latexit>

PT0
<latexit sha1_base64="UXb6oOgBWJ9PIQTUkCeTH4mGFw8=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFdDRltbbsrunFZoS/oDCWTpm1o5kGSEcrQ33DjQhG3/ow7/8ZMW0FFDwQO59zLPTl+LLjSGH9YK6tr6xubua389s7u3n7h4LCtokRS1qKRiGTXJ4oJHrKW5lqwbiwZCXzBOv7kJvM790wqHoVNPY2ZF5BRyIecEm0k1w2IHvt+2mjOzvqFIrbxVQnXygjbZexUL50FqVUqyLHxHEVYotEvvLuDiCYBCzUVRKmeg2PtpURqTgWb5d1EsZjQCRmxnqEhCZjy0nnmGTo1ygANI2leqNFc/b6RkkCpaeCbySyj+u1l4l9eL9HDqpfyME40C+ni0DARSEcoKwANuGRUi6khhEpusiI6JpJQbWrKmxK+for+J+0L2zH8rlSsXy/ryMExnMA5OFCBOtxCA1pAIYYHeIJnK7EerRfrdTG6Yi13juAHrLdPLZKRxg==</latexit><latexit sha1_base64="UXb6oOgBWJ9PIQTUkCeTH4mGFw8=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFdDRltbbsrunFZoS/oDCWTpm1o5kGSEcrQ33DjQhG3/ow7/8ZMW0FFDwQO59zLPTl+LLjSGH9YK6tr6xubua389s7u3n7h4LCtokRS1qKRiGTXJ4oJHrKW5lqwbiwZCXzBOv7kJvM790wqHoVNPY2ZF5BRyIecEm0k1w2IHvt+2mjOzvqFIrbxVQnXygjbZexUL50FqVUqyLHxHEVYotEvvLuDiCYBCzUVRKmeg2PtpURqTgWb5d1EsZjQCRmxnqEhCZjy0nnmGTo1ygANI2leqNFc/b6RkkCpaeCbySyj+u1l4l9eL9HDqpfyME40C+ni0DARSEcoKwANuGRUi6khhEpusiI6JpJQbWrKmxK+for+J+0L2zH8rlSsXy/ryMExnMA5OFCBOtxCA1pAIYYHeIJnK7EerRfrdTG6Yi13juAHrLdPLZKRxg==</latexit><latexit sha1_base64="UXb6oOgBWJ9PIQTUkCeTH4mGFw8=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFdDRltbbsrunFZoS/oDCWTpm1o5kGSEcrQ33DjQhG3/ow7/8ZMW0FFDwQO59zLPTl+LLjSGH9YK6tr6xubua389s7u3n7h4LCtokRS1qKRiGTXJ4oJHrKW5lqwbiwZCXzBOv7kJvM790wqHoVNPY2ZF5BRyIecEm0k1w2IHvt+2mjOzvqFIrbxVQnXygjbZexUL50FqVUqyLHxHEVYotEvvLuDiCYBCzUVRKmeg2PtpURqTgWb5d1EsZjQCRmxnqEhCZjy0nnmGTo1ygANI2leqNFc/b6RkkCpaeCbySyj+u1l4l9eL9HDqpfyME40C+ni0DARSEcoKwANuGRUi6khhEpusiI6JpJQbWrKmxK+for+J+0L2zH8rlSsXy/ryMExnMA5OFCBOtxCA1pAIYYHeIJnK7EerRfrdTG6Yi13juAHrLdPLZKRxg==</latexit><latexit sha1_base64="UXb6oOgBWJ9PIQTUkCeTH4mGFw8=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFdDRltbbsrunFZoS/oDCWTpm1o5kGSEcrQ33DjQhG3/ow7/8ZMW0FFDwQO59zLPTl+LLjSGH9YK6tr6xubua389s7u3n7h4LCtokRS1qKRiGTXJ4oJHrKW5lqwbiwZCXzBOv7kJvM790wqHoVNPY2ZF5BRyIecEm0k1w2IHvt+2mjOzvqFIrbxVQnXygjbZexUL50FqVUqyLHxHEVYotEvvLuDiCYBCzUVRKmeg2PtpURqTgWb5d1EsZjQCRmxnqEhCZjy0nnmGTo1ygANI2leqNFc/b6RkkCpaeCbySyj+u1l4l9eL9HDqpfyME40C+ni0DARSEcoKwANuGRUi6khhEpusiI6JpJQbWrKmxK+for+J+0L2zH8rlSsXy/ryMExnMA5OFCBOtxCA1pAIYYHeIJnK7EerRfrdTG6Yi13juAHrLdPLZKRxg==</latexit>

CP1
<latexit sha1_base64="DFXV0Y+ggHI25RrPQ9uZv/qPOWQ=">AAAB9HicdVDLTgIxFL2DL8QX6tJNIzFxNekoCOyIbFxiImACI+mUAg2dh22HhEz4DjcuNMatH+POv7EDmKjRkzQ5Oefe3NPjRYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFcaSsiYNRShvPaKY4AFraq4Fu40kI74nWNsb11O/PWFS8TC40dOIuT4ZBnzAKdFGcrs+0SPPS+qN2Z3TyxewjS+KuFpC2C5hp3LuLEi1XEaOjecowBKNXv692w9p7LNAU0GU6jg40m5CpOZUsFmuGysWETomQ9YxNCA+U24yDz1DJ0bpo0EozQs0mqvfNxLiKzX1PTOZhlS/vVT8y+vEelBxEx5EsWYBXRwaxALpEKUNoD6XjGoxNYRQyU1WREdEEqpNTzlTwtdP0f+kdWY7hl8XC7XLZR1ZOIJjOAUHylCDK2hAEyjcwwM8wbM1sR6tF+t1MZqxljuH8APW2yfa7JIn</latexit><latexit sha1_base64="DFXV0Y+ggHI25RrPQ9uZv/qPOWQ=">AAAB9HicdVDLTgIxFL2DL8QX6tJNIzFxNekoCOyIbFxiImACI+mUAg2dh22HhEz4DjcuNMatH+POv7EDmKjRkzQ5Oefe3NPjRYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFcaSsiYNRShvPaKY4AFraq4Fu40kI74nWNsb11O/PWFS8TC40dOIuT4ZBnzAKdFGcrs+0SPPS+qN2Z3TyxewjS+KuFpC2C5hp3LuLEi1XEaOjecowBKNXv692w9p7LNAU0GU6jg40m5CpOZUsFmuGysWETomQ9YxNCA+U24yDz1DJ0bpo0EozQs0mqvfNxLiKzX1PTOZhlS/vVT8y+vEelBxEx5EsWYBXRwaxALpEKUNoD6XjGoxNYRQyU1WREdEEqpNTzlTwtdP0f+kdWY7hl8XC7XLZR1ZOIJjOAUHylCDK2hAEyjcwwM8wbM1sR6tF+t1MZqxljuH8APW2yfa7JIn</latexit><latexit sha1_base64="DFXV0Y+ggHI25RrPQ9uZv/qPOWQ=">AAAB9HicdVDLTgIxFL2DL8QX6tJNIzFxNekoCOyIbFxiImACI+mUAg2dh22HhEz4DjcuNMatH+POv7EDmKjRkzQ5Oefe3NPjRYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFcaSsiYNRShvPaKY4AFraq4Fu40kI74nWNsb11O/PWFS8TC40dOIuT4ZBnzAKdFGcrs+0SPPS+qN2Z3TyxewjS+KuFpC2C5hp3LuLEi1XEaOjecowBKNXv692w9p7LNAU0GU6jg40m5CpOZUsFmuGysWETomQ9YxNCA+U24yDz1DJ0bpo0EozQs0mqvfNxLiKzX1PTOZhlS/vVT8y+vEelBxEx5EsWYBXRwaxALpEKUNoD6XjGoxNYRQyU1WREdEEqpNTzlTwtdP0f+kdWY7hl8XC7XLZR1ZOIJjOAUHylCDK2hAEyjcwwM8wbM1sR6tF+t1MZqxljuH8APW2yfa7JIn</latexit><latexit sha1_base64="DFXV0Y+ggHI25RrPQ9uZv/qPOWQ=">AAAB9HicdVDLTgIxFL2DL8QX6tJNIzFxNekoCOyIbFxiImACI+mUAg2dh22HhEz4DjcuNMatH+POv7EDmKjRkzQ5Oefe3NPjRYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFcaSsiYNRShvPaKY4AFraq4Fu40kI74nWNsb11O/PWFS8TC40dOIuT4ZBnzAKdFGcrs+0SPPS+qN2Z3TyxewjS+KuFpC2C5hp3LuLEi1XEaOjecowBKNXv692w9p7LNAU0GU6jg40m5CpOZUsFmuGysWETomQ9YxNCA+U24yDz1DJ0bpo0EozQs0mqvfNxLiKzX1PTOZhlS/vVT8y+vEelBxEx5EsWYBXRwaxALpEKUNoD6XjGoxNYRQyU1WREdEEqpNTzlTwtdP0f+kdWY7hl8XC7XLZR1ZOIJjOAUHylCDK2hAEyjcwwM8wbM1sR6tF+t1MZqxljuH8APW2yfa7JIn</latexit>

R4
<latexit sha1_base64="OCAVaAhs9NZpkK6Z/CCdzP5XivQ=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFclUwptd0V3bisYh/QGUsmTdvQTGZIMkIZ+htuXCji1p9x59+YaSuo6IHA4Zx7uScniAXXBuMPZ2V1bX1jM7eV397Z3dsvHBy2dZQoylo0EpHqBkQzwSVrGW4E68aKkTAQrBNMLjO/c8+U5pG8NdOY+SEZST7klBgreV5IzDgI0pvZXaVfKOIStqhWUUbcGnYtqddr5XIduXML4yIs0ewX3r1BRJOQSUMF0brn4tj4KVGGU8FmeS/RLCZ0QkasZ6kkIdN+Os88Q6dWGaBhpOyTBs3V7xspCbWehoGdzDLq314m/uX1EjOs+SmXcWKYpItDw0QgE6GsADTgilEjppYQqrjNiuiYKEKNrSlvS/j6KfqftMsl1/LrSrFxsawjB8dwAmfgwjk04Aqa0AIKMTzAEzw7ifPovDivi9EVZ7lzBD/gvH0CRICR1Q==</latexit><latexit sha1_base64="OCAVaAhs9NZpkK6Z/CCdzP5XivQ=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFclUwptd0V3bisYh/QGUsmTdvQTGZIMkIZ+htuXCji1p9x59+YaSuo6IHA4Zx7uScniAXXBuMPZ2V1bX1jM7eV397Z3dsvHBy2dZQoylo0EpHqBkQzwSVrGW4E68aKkTAQrBNMLjO/c8+U5pG8NdOY+SEZST7klBgreV5IzDgI0pvZXaVfKOIStqhWUUbcGnYtqddr5XIduXML4yIs0ewX3r1BRJOQSUMF0brn4tj4KVGGU8FmeS/RLCZ0QkasZ6kkIdN+Os88Q6dWGaBhpOyTBs3V7xspCbWehoGdzDLq314m/uX1EjOs+SmXcWKYpItDw0QgE6GsADTgilEjppYQqrjNiuiYKEKNrSlvS/j6KfqftMsl1/LrSrFxsawjB8dwAmfgwjk04Aqa0AIKMTzAEzw7ifPovDivi9EVZ7lzBD/gvH0CRICR1Q==</latexit><latexit sha1_base64="OCAVaAhs9NZpkK6Z/CCdzP5XivQ=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFclUwptd0V3bisYh/QGUsmTdvQTGZIMkIZ+htuXCji1p9x59+YaSuo6IHA4Zx7uScniAXXBuMPZ2V1bX1jM7eV397Z3dsvHBy2dZQoylo0EpHqBkQzwSVrGW4E68aKkTAQrBNMLjO/c8+U5pG8NdOY+SEZST7klBgreV5IzDgI0pvZXaVfKOIStqhWUUbcGnYtqddr5XIduXML4yIs0ewX3r1BRJOQSUMF0brn4tj4KVGGU8FmeS/RLCZ0QkasZ6kkIdN+Os88Q6dWGaBhpOyTBs3V7xspCbWehoGdzDLq314m/uX1EjOs+SmXcWKYpItDw0QgE6GsADTgilEjppYQqrjNiuiYKEKNrSlvS/j6KfqftMsl1/LrSrFxsawjB8dwAmfgwjk04Aqa0AIKMTzAEzw7ifPovDivi9EVZ7lzBD/gvH0CRICR1Q==</latexit><latexit sha1_base64="OCAVaAhs9NZpkK6Z/CCdzP5XivQ=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFclUwptd0V3bisYh/QGUsmTdvQTGZIMkIZ+htuXCji1p9x59+YaSuo6IHA4Zx7uScniAXXBuMPZ2V1bX1jM7eV397Z3dsvHBy2dZQoylo0EpHqBkQzwSVrGW4E68aKkTAQrBNMLjO/c8+U5pG8NdOY+SEZST7klBgreV5IzDgI0pvZXaVfKOIStqhWUUbcGnYtqddr5XIduXML4yIs0ewX3r1BRJOQSUMF0brn4tj4KVGGU8FmeS/RLCZ0QkasZ6kkIdN+Os88Q6dWGaBhpOyTBs3V7xspCbWehoGdzDLq314m/uX1EjOs+SmXcWKYpItDw0QgE6GsADTgilEjppYQqrjNiuiYKEKNrSlvS/j6KfqftMsl1/LrSrFxsawjB8dwAmfgwjk04Aqa0AIKMTzAEzw7ifPovDivi9EVZ7lzBD/gvH0CRICR1Q==</latexit>!

<latexit sha1_base64="a4H+/Dey3F+8neMyKiB8KwjKcSM=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nnk2giVPOAk5UFMh4mIBKNoLb+nxXCEVGv11K/W3Lo7F1kFr4AaFGr2q1+9gWJZzBNkkhrje26KQU41Cib5tNLLDE8pG9Mh9y0mNOYmyOcrT8mZdQYkUtq+BMnc/T2R09iYSRzazpjiyCzXZuZ/NT/D6DrIRZJmyBO2+CjKJEFFZveTgdCcoZxYoEwLuythI6opQ5tSxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAgYJneIU3B50X5935WLSWnGLmGP7I+fwBwr2RjQ==</latexit><latexit sha1_base64="a4H+/Dey3F+8neMyKiB8KwjKcSM=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nnk2giVPOAk5UFMh4mIBKNoLb+nxXCEVGv11K/W3Lo7F1kFr4AaFGr2q1+9gWJZzBNkkhrje26KQU41Cib5tNLLDE8pG9Mh9y0mNOYmyOcrT8mZdQYkUtq+BMnc/T2R09iYSRzazpjiyCzXZuZ/NT/D6DrIRZJmyBO2+CjKJEFFZveTgdCcoZxYoEwLuythI6opQ5tSxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAgYJneIU3B50X5935WLSWnGLmGP7I+fwBwr2RjQ==</latexit><latexit sha1_base64="a4H+/Dey3F+8neMyKiB8KwjKcSM=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nnk2giVPOAk5UFMh4mIBKNoLb+nxXCEVGv11K/W3Lo7F1kFr4AaFGr2q1+9gWJZzBNkkhrje26KQU41Cib5tNLLDE8pG9Mh9y0mNOYmyOcrT8mZdQYkUtq+BMnc/T2R09iYSRzazpjiyCzXZuZ/NT/D6DrIRZJmyBO2+CjKJEFFZveTgdCcoZxYoEwLuythI6opQ5tSxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAgYJneIU3B50X5935WLSWnGLmGP7I+fwBwr2RjQ==</latexit><latexit sha1_base64="a4H+/Dey3F+8neMyKiB8KwjKcSM=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nnk2giVPOAk5UFMh4mIBKNoLb+nxXCEVGv11K/W3Lo7F1kFr4AaFGr2q1+9gWJZzBNkkhrje26KQU41Cib5tNLLDE8pG9Mh9y0mNOYmyOcrT8mZdQYkUtq+BMnc/T2R09iYSRzazpjiyCzXZuZ/NT/D6DrIRZJmyBO2+CjKJEFFZveTgdCcoZxYoEwLuythI6opQ5tSxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAgYJneIU3B50X5935WLSWnGLmGP7I+fwBwr2RjQ==</latexit>
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twistor space of flat R4 is
PT′ ∼= O(1) + O(1)→ CP1

self-dual curved space-times arise from
deforming the C-str of PT′, ∂̄ → ∂̄ +V

obtain Ricci-flat metric on R4 if defn is
Hamiltonian wrt (weighted) Poisson str
on fibres of PT′ → CP1, so V = {h, }
[Penrose;Atiyah,Hitchin,Singer]

This is encapsulated in the twistor action for sd Einstein gravity [Mason,Wolf]

S [h̃, h] =

∫

PT′
D3Z ∧ h̃ ∧

(
∂̄h +

1

2
{h, h}

)

whose eom δh̃S = 0 implies integrability of ∂̄ + {h, }

David Skinner Celestial sdGR Oxford Maths Jan 25



Hamiltonians as gravitons

Theorem (Penrose 1976)
There is a 1 : 1 correspondence between:

• SD Ricci flat holomorphic metrics on regions in C4, and
• deformations PT of twistor space PT− CP1 preserving

fibration p : PT → CP1 and Poisson structure.

• Cover PT− CP1 by patches
U, Ũ coords W and W̃ resp..

• Deform holomorphic gluing
W̃ = W̃ (W ) on U ∩ Ũ:

• To preserve p and Poisson
structure ⇒ Hamiltonian H.

• expands in soft modes Hp
m,r .

WĂƚĐŚŝŶŐ�ƚǁŝƐƚŽƌ�ƐƉĂĐĞ



The SD space-time from holomorphic curves

Reconstruct self-dual space-time as

(M4,g) = {Holomorphic degree-1 CP1s in PT } .

• Parametrize the CP1
x ⊂ PT by coord z, W A = W A(x , z)

Correspondence with space-time 

Dolbeault version: deform ∂̄-operator with Poisson compatible
Beltrami differential ; d-bar eq for C-curves in deformed PT :

∂W A

∂z̄
dz̄ = {h,W A}|CP1

x
, h ∈ Ω0,1(PT ,O(2)) .



SD Twistor action
Holomorphic Poisson Chern-Simons action [M. & Wolf 2007]

Dolbeault framework allows off-shell treatment:
• Gravitational data, SD: h ∈ Ω0,1(2), ASD: g ∈ Ω0,1(−6),

h(aW ) = a2h(W ), g(aW ) = a−6g(W ) , h = hĀdW̄ Ā etc..

• To guarantee compatibility with {, }, deform ∂̄-operator by

∂̄hf (W , W̄ ) := ∂̄0f + {h, f}

• Need integrability ∂̄2
h = 0 ; SD field equations

∂̄0h +
1
2
{h,h} = 0 , ∂̄hg = 0 .

• Follow from action, with D3W = ⟨W dW ∧ . . . ∧ dW ⟩,

S[g,h] :=
∫

PT
g ∧ (∂̄h +

1
2
{h,h}) ∧ D3W .



Hamiltonians for symmetries

So [g] ∈ H1(PT ,O(−6)) and h a nonlinear H1(PT ,O(2)).
• local ‘gauge’ symmetries = (χ, ξ) ∈ (O(−6),O(2)).

δ(g,h) = (∂̄hχ+ {ξ,g}, ∂̄hξ)

• ξ ↔ generators of smooth local Poisson diffeos.
• χ ↔ gauge for g ∈ cohomology class.
• Action ; symplectic form

Ω(δ1, δ2) =

∫

Σ5
δ1g ∧ δ2h ∧ D3W + (1 ↔ 2) .

• Gauge generated by Hamiltonians

Qχ,ξ =

∫

Σ5
(∂̄hξ ∧ g + (∂̄0χ+

1
2
{h, χ}) ∧ h) ∧ D3W

• Compute Poisson brackets in gravitational phase space:

{Qχ1,ξ1 ,Qχ2,ξ2}Ω = Q{ξ1,χ2}−{ξ2,χ1},{ξ1,ξ2} .



Algebra of charges; twistor space representation

• ‘Large’ gauge transformations are only symmetries if
holomorphic at ∂Σ5 ⊂ ∞’, ∂̄hξ = 0 = ∂̄hχ.

• On-shell, Hamiltonians given by boundary charges

Qχ,ξ =

∫

∂Σ5
ξg + χh D3W .

Here ∂Σ5 = CP1 × S for M ⊃ S, some 2-surface at ∞.
• As above obtain gauge algebra

{Qχ1,ξ1 ,Qχ2,ξ2}Ω = Q{ξ1,χ2}−{ξ2,χ1},{ξ1,ξ2} .

• Here to be symmetries, (χ, ξ) are holomorphic near ∂Σ5.
• If global on ∂Σ5, then ξ = quadratic ↔ Poincaré+.

• Lham(C2) : take ξ = Hp
m,r =

(µ0̇)p−m−1(µ1̇)p+m−1

λr
1λ

2p−r−4
0

.

• χs ; dual H̃ s for T ∗Lham(C2), give ASD soft modes.



Asymptotic Twistor space and transform to I
Sparling, Eastwood, Tod ’81: Dolbeault version of Penrose’s nonlinear graviton at I .

• Project T → I with fibres CP1
(u,z,z̄) ∋ q given by

z =
λ1

λ0
, µα̇ = uTαα̇λα + qλ̄α̇ , Tαα̇ =

(
1 0
0 1

)
.

• Asymptotic shear σdz̄ pulls back to T to define

h = dz̄
∫ u

du′σ(u′, z, z̄) = h (µα̇λ̄α̇, λ, λ̄)[λ̄d λ̄] ∈ Ω0,1(2) .

Gives deformed ∂̄-operator on T as ∂̄hf := ∂̄0f + {h, f} .
• Charge aspects Ψ0

n = Q2−n for n = 0, ..,3,↔ g by

Qs =

∫

CP1
(u,z,z̄)

qs+2g ∧ dq

• Solves asymptotic Bianchi identities & recurrence relation

∂uQs = ð̄Qs−1 + (s + 1)σ̄Qs−2, s = −1,0,1,2

Extension to s > 1 ↔ Lham(C2) built from Poincaré+ via ↔ ×q.



Gauge fixing the Poisson diffeos

Our ξ generates Poisson diffeos of PT that destroys gauge
fixing of h that relates ∂uh to σ(u, z, z̄). We fix this as follows:

• We need the gauge fixing ∂qh = 0 which gives

∂q(q∂u − ð̄+ σ̄∂q)ξ = 0 .

• Solve by ansatze ξs =
∑s+1

n=0 ξs,nqn and recurrence

∂uξs,n−1 − ð̄ξs,n +(n+1)σ̄ξs,n+1 = 0 , ξs,s+1 := τs(λ, λ̄) .

• Start with ξ̃s ↔ τs(λ, λ̄) spin s on S2, poly degree s + 1 in q

ξ̃s =
µα̇1 · · ·µα̇s+1

(s + 1)!
∂s+1τs

∂λ̄α̇1 · · · ∂λ̄α̇s+1
=

s∑

n=−1

us−nqn+1

(s − n)!
ð̄s−nτs ,

• ‘Wedge’ condition ⇔ ð̄s+2τs = 0 ⇔ ξ̃s holomorphic.
• Then find gauge fixed ξs = ξ̃s + fs solving recursively for fs.

But, ξs now field dependent ; nonintegrable (non-Hamiltonian)!



The charges from twistor space to I

Define surface charge integrals Qs :=
∫
∂Σ5 ξs g ∧ D3Z giving:

Q−1 =

∫

S
d2z τ−1Q−1,

Q0 =

∫

S
d2z τ0(Q0 − uð̄Q−1) ,

Q1 =

∫

S
d2z τ1

(
Q1 − uð̄Q0 +

u2

2
ð̄2Q−1 − 2Q−1∂

−1
u σ̄

)
,

Q2 =

∫

S
d2z τ2

(
Q2 − uð̄Q1 +

u2

2
ð̄Q0 −

u3

6
ð̄3Q−1

− 3Q0∂
−1
u σ̄ + 3ð̄Q−1∂

−2
u σ̄ + 2ð̄

(
Q−1∂

−1
u (uσ̄)

))
,

Q3 =

∫

S
d2z τ3

(
Q3 − uð̄Q2 +

u2

2
ð̄2Q1 −

u3

6
ð̄3Q0 +

u4

24
ð̄4Q−1

− 4Q1∂
−1
u σ̄ + 3ð̄

(
Q0∂

−1
u (uσ̄)

)
+ 4ð̄Q0∂

−2
u σ̄ + 8Q−1∂

−1
u (σ̄∂−1

u σ̄)

− 3ð̄
(
ð̄Q−1∂

−2
u (uσ̄)

)
− ð̄2

(
Q−1∂

−1
u (u2σ̄)

)
− 4ð̄Q−1∂

−3
u σ̄

)
.



Conclusions & discussion

Conclusions:
• Lham(C2) ↔ geometric diffeo algebra on PT
• Penrose nonlinear graviton: {SD gravitons} = {Lham(C2)}.
• ; Noether charges via Twistor action.
• Penrose transform from asymptotic twistor space to I ;

charge aspects, correcting [Friedel, Pranzetti, Raclariu][Geiller].
• Integrability of SD & MHV sector ; Recursion for hierarchy

from BMS transitive over gravity phase space SDYM [M. &

Woodhouse 1996] and SD gravity [Dunajski & M. 2001/2].
Where does take us?

• ↔ 3d analogue of Virasoro for twistorial ‘celestial CFTs’.
• Are these symmetries of S-matrix beyond MHV?
• Vertex operator realization gives action on higher MHV

worldsheet amplitude formulae. cf Adamo, M., Sharma 2021.



Thank You!



Versions with cosmological constant

• Ward’s Λ extension of Penrose’s nonlinear graviton
underpins Taylor-Zhu Λ-extension of Lham(C2) at Λ = 0.
[Bittleston, Bogna, Heuveline, Kmec,M., Skinner, 2403.18011].

• For Λ ̸= 0 use ‘Heaven on earth’ construction [Lebrun 1983].
• Analogue of Virasoro for honest integrable CFT3s!
• Use full twistor actions beyond SD sector cf. [M.,Boels, Sharma, Skinner].
• Connections with conventional AdS4/CFT3 e.g., ABJM?


